The charged-particle's final state spectrum is derived from an analytic perturbative solution for the relativistic viscous hydrodynamics. By taking into account the longitudinal acceleration effect in relativistic viscous hydrodynamics, the pseudorapidity spectrum describes well the nucleusnucleus colliding systems at RHIC and LHC. Based on both the extracted longitudinal acceleration parameters λ * and a phenomenological description of the λ * , the charged-particle's pseudorapidity distributions for √ s N N = 5.44 TeV Xe+Xe collisions are computed from the final state expression in a limited space-time rapidity η s region.
I. INTRODUCTION
Relativistic hydrodynamics seems to be an efficient tool to study the expansion and many non-equilibrium properties of quark-gluon plasma (QGP) produced in high energy heavy ion collisions, such as those at the Relativistic Heavy Ion Collider (RHIC) at Brookhaven National Laboratory, USA and the Large Hadron Collider (LHC) at CERN [1] [2] [3] .
There has been tremendous theoretical and numerical work [27] [28] [29] [30] [31] in solving relativistic hydrodynamic equations, and those works not only simulate the fluid's dynamical evolution but also play an important role in extracting the transport properties of the strongly coupled matter. In our previous papers [32, 33] , a series of exact solutions for the relativistic accelerating perfect fluid were presented and served as a reliable reference to study the longitudinal acceleration effect, pseudorapidity distributions and the initial state properties for colliding systems at RHIC and at LHC [15, 17, 19, 32, 33] .
In this paper, we expand the current knowledge of accelerating hydrodynamics [17, 32] by including the first-order viscous (Navier-Stokes limit) corrections in the relativistic domain.
Based on a perturbative solution [34] which includes the longitudinal acceleration in relativistic viscous hydrodynamics, the final state observations which contain the longitudinal acceleration effect are derived. We find that the final state observations depend on the longitudinal acceleration parameter λ * , and the pseudorapidity distribution can be not only used to compare with the experimental data from the √ s N N =130 GeV RHIC Au+Au collisions to the √ s N N =5.02 TeV LHC Pb+Pb collisions [35] [36] [37] , but also applied to academically study the longitudinal acceleration effect for nucleus-nucleus collisions at different √ s N N . [41] .
The organization of the paper is as follows. In Sec. 2, The transverse momentum spectrum and (pseudo-)rapidity spectrum are derived from a perturbative solution for the relativistic viscous hydrodynamics. In Sec. 3, pseudorapidity spectrum is academically used to study the longitudinal accelerating parameter λ * at RHIC and LHC. Brief summary and discussion are given in Sec. 4.
II. PERTURBATIVE SOLUTION AND FINAL STATE OBSERVABLES
The basic formulation of relativistic hydrodynamics can be found in the literature [6, 19, 42] . In this paper, we consider a system wit net conservative charge (µ i = 0). The flow velocity field is normalized to unity, u µ u µ = 1 and the metric tensor is chosen as
The energy-momentum tensor T µν of the fluid system in the presence of viscosity is
where ε and P are the energy density and the local isotropic pressure, respectively. The equation of state (EoS) is ε = κP . Viscous stress tensor Π µν = π µν − ∆ µν Π, where Π is the bulk pressure, and π µν is the stress tensor [6] .
Following the conservation equations ∂ µ T µν = 0, the energy equation and Euler equation are reduced to
where shorthand notations for the differential operators D = u µ ∂ µ , ∇ α = ∆ µα ∂ µ are introduced, with the expansion rate θ = ∇ µ u µ . The shear tensor is
Based on the Gibbs thermodynamic relation and the second law of thermodynamics, the simplest way to satisfy the constraint (entropy must always increase locally) is to impose the linear relationships between the thermodynamic forces and fluxes (in the Navier-Stokes limit [5, 6, 25, [42] [43] [44] [45] ),
where the bulk viscosity ζ and the shear viscosity η are two positive coefficients. Note that throughout this work we denote the shear viscosity as η, the space-time rapidity as η s and the particle pseudorapidity as η p .
In the accelerating frame, the proper time τ = √ t 2 − r 2 and space-time rapidity η s = 1 2 log((t+ r)/(t−r)) are independent variables, where r = Σ i r 2 i and x µ = (t, r 1 , . . . , r d ) [17, 33] . The velocity field is parameterized as v = tanh(Ω(η s )), with the flow-element rapidity 
where T is the temperature,
) is a combination of the shear viscosity and bulk viscosity, s the entropy density, d the space dimension. η/s and ζ/s are assumed to be constant in the following calculations [28, 46] . If Π d = 0, the exact acceleration solutions of ideal hydrodynamic have already been presented in Refs. [17, 33] . 
where τ 0 is the value of proper time, T 1 (η s ) is an unfixed function.
Putting Eq.(8) into the Euler equation Eq. (7), up to O(λ * ), one gets
where T 0 define the values for temperature at the proper time τ 0 and coordinate rapidity
Finally, inputting Eq. (9) into Eq. (8), we obtain a perturbative analytical solution of the 1 + 1 D embed 1 + 3 D accelerating relativistic viscous hydrodynamics,
where the Reyonlds number is R
The profile of T (τ, η s ) is a (1+1) dimensional scaling solution in (1+3) dimensions and it contains not only acceleration but also the viscosity dependent terms now, and the η s dependence is of the Gaussian form. Note that when λ * = 0 and R = 0, one obtains a special solution which is consistent with the CNC solutions' case (c) in [17, 18] . Furthermore, this temperature profile Eq.(10) implies that for a non-vanishing acceleration λ * , the cooling rate is larger than for the ideal case. Meanwhile, a non-zero viscosity makes the cooling rate smaller than for the ideal case [34] .
The thermal spectrum of charged particles at proper time τ f can be obtained from the Cooper-Frye flux term [49] and above temperature profile Eq. (10),
where g is the spin-degeneracy factor, Σ is the freeze-out hypersurface.
For a system out of equilibrium, the particle phase-space distribution function f contains not only the equilibrium distribution function f 0 but also the viscous corrections function δf . In a Boltzmann approximation, f 0 and δf have been derived in Refs. [50, 51] ,
where µ i is the chemical potential and T is the temperature. When net conservative charge is considered, µ i = 0, the particle momentum p µ can be written as
with the transverse momentum p T , transverse mass m T = p 2 T + m 2 , m the charged particle mass, y the particle rapidity, and azimuthal angle φ. For an expanding Boltzmann gas, the thermal distribution is f 0 = exp[−m T cosh(Ω − y)/T ]. The freeze-out condition is assumed that the temperature at η s = 0 drops below a given T f value, and at the mean time the four-velocity is pseudo-orthogonal to the freeze-out hypersurface [17, 52, 53] . The freeze-out condition satisfied
, and the integration measurement is
From the leading order condition Eq.(10), the Cooper-Frye integration gives the thermal spectrum for the equilibrium state from an expanding cylinder geometry as
.
In the first order (Navier-Stokes) approximation and with Gibbs relation ε + P = T s, the first-order viscous correction to the spectrum is
2πp T dp T dy = πR 2 0
Finally, an analytical expression of the transverse momentum distribution can be written as
where we can find that the transverse momentum distribution is sensitive to the viscosity.
One can make use of the condition p T ≈ m T (which is a good approximation for pions) and perform the integral of transverse momentum p T , then the rapidity distribution can be
Thus, the pseudorapidity distribution can be obtained from eq. (18),
where η p is the pseudorapidity of the final hadron, and we have the relationship:
III. PSEUDORAPIDITY DISTRIBUTIONS RESULTS
To go further and illustrate the effect of longitudinal acceleration effect on the observed final state spectra, an academically comparison between our hydrodynamic results with the RHIC and LHC data [35] [36] [37] is shown in this section. In Fig.1 , the solid curves shows the calculated pseudo-rapidity distribution, the normalization factor come from the most central multiplicity dN/dη p (η p = η 0 ) with the parameters η/s=0.16 [28] , ζ/s=0.015 [46] ,
comes from the EoS table of the Wuppertal-Budapest lattice QCD calculation [54] , for simplicity, κ is assumed to be a linear relationship for different colliding systems in this study, we use the relationship from the EoS table that κ ≈ 7 while T ≈ 140 MeV [30] . m=220 ± 20 MeV is an approximate average mass of the final charged-particle (π ± , K ± , p ± ) and it is calculated by a weighted average from the published experimental data [35, 36, 40, 47] . The freeze-out proper time is chosen as τ f = 8 fm for nucleus-nucleus collision. The rescatterings in the hadronic phase and the decays of hadronic resonance into stable hadrons are not included here. The acceptable integral region for each space-time rapidity is −5.0 ≤ η s ≤ 5.0 (make sure the perturbative condition λ * ≪1 is satisfied).
We then extracted the longitudinal acceleration parameters λ * for 130 GeV Au+Au, 200
GeV Au+Au, 200 GeV Cu+Cu, 2.76 TeV Pb+Pb, and 5.02 TeV Pb+Pb the most central colliding systems without modifying any extra independent parameters. The extracted results of λ * are presented in Table I . From this table, we obtain the same conclusion as in Ref. [33] : the higher central mass energy √ s N N leads to both smaller longitudinal parameter λ * and higher multiplicity density at forward and back pseudorapidity. However, because there are different set-up of the number of the free parameter between our paper and the Ref. [33] , the χ 2 /NDF are different with the results in Ref. [33] . A phenomenological expression for √ s N N and λ * is computed based on the λ * results in Table I ,
where 
IV. CONCLUSIONS AND DISCUSSION
In conclusion, based on previous work [17, [32] [33] [34] , a temperature profile is presented for accelerating relativistic viscous hydrodynamic equations by introducing the first-order correction to the conservation equations in Rindler coordinate. From such a temperature profile in 1+3-dimension space-time, one see that the fluid evolution is generally decelerated due to the viscosity Π µν , meanwhile, the longitudinal accelerating effect of the flow-element compensates the decrease of temperature gradient. These two opposite behaviors may provide a new perspective for studying the medium evolution thermodynamical quantities in the viscous hydrodynamics, more detailed discussions are presented in Ref. [34] .
Furthermore, based on the temperature profile and the Cooper-Frye flux term [49] , three final state spectra Eqs. (18, 19, 20) are obtained in this paper. We find the pesudorapidity distribution describes the experimental data well for the most central colliding systems at RHIC and LHC. Also, as shown in Fig.1 , the smaller longitudinal acceleration parameter λ * , the flatter the pseudorapidity distributions. In addition, the introduced longitudinal acceleration factor λ * has an interesting trend is that λ * is smaller for higher √ s N N . By using the measured longitudinal acceleration parameter λ * for different systems and assuming a phenomenological power function about λ * , the pseudorapidity distribution for chargedparticle in √ s N N = 5.44 TeV Xe+Xe collisions are academically computed and described well the experimental data from ALICE Collaboration [41] .
Let's note, in this study, we focused on the final state observation's derivation and longitudinal acceleration effect's estimation, many conditions applied in this model are still far from the realistic heavy ion collisions. For a more realistic study based on or beyond this study, the following physical effects are important and should be taken into account: (a)
The equation of state (EoS) at different temperature should be closed to the results from the realistic lattice QCD calculation [54] ; (b) The viscosity should depend on √ s N N [28, 46] ; (c) Statistical weight for the Charged-particle's mass should be calculated from experimental data [35, 36, 40, 47] ; (d) The freeze-out hypersurface could be calculated by smooth method [30] or other methods; (e) Resonance decay [55] and rescatterings in the hadronic phase [56] could be taken into account, and so on. Those important effects and conditions should be studied in our future research.
The final state spectra obtained in this paper may not only shed new light on study the longitudinal acceleration effect of the medium's evolution, but also could serve as a test tool of hydrodynamic numerical codes [30] in the near future.
